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Abstract. The problem of channeling radiation of positron bunch in the system of packed 
nanotubes was investigated in the present work. Used the model of harmonic potential which is 
justified since on the one hand the number of positrons in the region near the axis of nanotube 
is small, and on the other hand their contribution to the formation of the total radiation is also 
small. The problem is solved in the dipole approximation. The radiation at first harmonic 
occurs at zero angle too. At zero angle are radiated both extremely hard and extremely soft 
photons due to the medium polarization. The frequency-angular distribution of number of 
emitted photons was received. The distribution does not depend on the azimuthal angle, since 
the task has cylindrical symmetry. Radiation at the zero angle is fully circularly polarized. For 
formation of radiation there is an energy threshold: lower threshold is due to the polarization of 
medium, the upper threshold depends on the oscillation amplitude of channelling positrons. 
When the bunch energy coincides with the upper threshold then in radiation contribute all 
channeled positrons. Each positron in average radiates one photon. Thus is formed intensive, 
quasi-monochromatic and circularly polarized X-ray photon beam which may have important 
practical application. 
1.  Introduction 
In 1947, V.L. Ginzburg developed the radiation theory of relativistic oscillating electrons [1]. Under 
the leadership of Motz the experimental studies were conducted to detect of the radiation of relativistic 
electrons passing through periodic field generated by magnets (undulator) [2]. It was found high 
intensity radiation in the millimeter range. Such intensity was obtained due to coherent radiation of 
individual bunch which longitudinal dimension is smaller than the radiation wavelength [3]. As was 
shown in [4] for shorter wavelengths regardless of the radiation type the coherence factor can exceed 
unity when the electron distribution is asymmetrical in the longitudinal direction. The effect of 
partially coherent radiation of bunch was detected in the experimental work [5]. The coherent 
radiation of asymmetrical bunch will increase the efficiency of free electron laser (FEL) [6]. The gain 
of FEL as has been shown by Madey depends on the shape of the spontaneous emission [8]. Undulator 
spontaneous  radiation in the X-ray frequency range was investigated by Korkhmazyan [9] and the 
experiment was carried out on  Yerevan's  accelerator [10] to detect this radiation. In the formation of 
X-ray undulator radiation has a significant role the medium polarization [11]. The radiation is 
  
 
 
 
 
generated when the bunch energy is greater than the threshold energy. When the energy is close to the 
threshold then the frequency-angular spectrum is narrowed i.e. the emitted photon density increases 
[12]. X-ray FEL was observed recently in the experiment of SASE FEL [13]. Crystal can perform the 
role of peculiar microundulator for the channeled charged particles. As a result [14-15] of numerical 
modeling of the process when fast electrons penetrate into monocrystal it has been observed that in 
certain crystal orientations mean free path of ions increases abnormally (channeling). The 
phenomenon of channeling has been observed experimentally in [16-17] and was explained by 
Lindhard in the work [18] where the true potential of the crystal was replaced by the continuous 
potential averaged over atom coordinates. The theory of radiation channeling of charged particles has 
been developed by Kumakhov [19]. This topic has been the subject of much theoretical and 
experimental works [20]. The oscillation frequency of channeled particles in the crystalline or 
nanotube resonators with the harmonic potential depends on the particle energy. In the case of 
nonharmonic potential this frequency depends on the oscillation amplitude also [21]. In periodically 
curved crystals, besides channeling radiation, the undulator radiation is also formed due to the 
periodicity of average trajectory of particles [22]. The characteristics of the particle radiation, 
generated in a crystalline undulator, were investigated in [23]. The spontaneous and stimulated 
radiation in the crystalline or nanotubе undulators has been studied taking into account the medium 
polarization [24]. Due to centrifugal force [25] the process of dechanneled positrons does not occur if 
the maximum curvature angle of crystalline undulator smaller thanLindhard angle [26]. 
In this paper we got the spectral distribution of total radiation of channeled positrons at normal 
incidence to the tightly-packed nanotube system. 
2.  The trajectory of a channeled positron in the nanotube potential well 
Let a positron bunch having transverse uniform distribution moves parallel to the axis of the tightly-
packed nanotubes. Then approximately 90 percent of positrons are channeling inside nanotube [21]. 
It has been shown that the potential of the form 𝑉(𝑠) = 𝑈0𝑠
6 is in good agreement with the 
calculated potential, where 𝑈0 is the depth of the potential well in energy units, 𝑠 = 𝑟 𝑅⁄  (0 ≤ 𝑠 ≤ 1), 
𝑟 is initial distance from the axis of the nanotube, 𝑅 is the nanotube radius. In this work the trajectories 
of channeled positrons have been calculated. 
We are interested in the total spectrum of the radiation intensity of all channeled positron of bunch. 
The choosing of potential type 𝑉(𝑠) conditioned by that it also agrees with calculated potential also 
for the small values of 𝑠. However, in this case, on the one hand it is complicate calculation of the 
spectral intensity and on the other hand is lost the monochromaticity of radiation. 
Therefore, the contribution of positrons with small 𝑠 to the total spectrum can be neglected, since 
both their number and emission intensity (~𝑠2) are small. 
In this paper, in order to find the spectral distribution of the radiation intensity of channeled 
positrons, we will use a harmonic potential, which will provide the radiation monochromaticity: 
 𝑈(𝑠) = 𝑈0𝑠
2. (1) 
In the such potential well of nanotube the positrons are oscillate with the same frequency 𝛺ch: 
 𝛺ch =
𝛺0
√𝛾
 ,        𝛺0 =
𝑐√2𝜈
𝑅
,        𝜈 =
𝑈0
𝑚𝑐2
 , (2) 
where 𝛾 is the relativistic Lorentz factor, 𝑐 is a speed of light, 𝑚 is a mass of the positron, 
𝛺0 = 2𝜋𝑐 𝑙0⁄  and 𝑙0 = 2𝜋𝑅 √2𝜈⁄   are the natural frequency and the spatial period of nanotube.  
The trajectory of the positron with the initial coordinates (𝑠, 𝜓) has the following form: 
 𝑠(𝑠, 𝜓, 𝑧) = 𝑠𝑒𝜓 cos(𝑘ch𝑧) +
𝑧
𝑅
𝑒𝑧 ,        𝑘ch =
𝛺ch
𝛽𝑧𝑐
 , (3)                              
where 𝑒𝜓 and 𝑒𝑧 are basis vectors in the transverse and longitudinal direction, 𝛽𝑧 is the average 
longitudinal velocity in units of the light speed 𝑐. 
  
 
 
 
 
3.  The radiation field of channeled positrons 
The radiation field of the channeled positrons produced in the nanotube with length 𝐿, is represented 
the following integral over trajectory: 
 ?⃗?𝑠,𝜓(𝜔, 𝜗, 𝜑) = ∫ [?⃗? × 𝛽(𝑠, 𝜓)]exp {𝑖[
𝜔
𝛽𝑧𝑐
𝑧 − ?⃗⃗?(𝜗, 𝜑) ∙ 𝑟(𝑠, 𝜓)]
𝐿/2
−𝐿/2
}𝑑𝑧 , (4) 
 ?⃗⃗?(𝜗, 𝜑) =
𝜔
𝑐
√𝜀(𝜔)?⃗? ,        𝑟(𝑠, 𝜓) = 𝑅𝑠(𝑠, 𝜓) = 𝑅𝑠𝑒𝜓 cos(𝑘ch𝑧) + 𝑧𝑒𝑧 ,        ?⃗? = е⃗𝜑 sin 𝜗 + е⃗𝑧 cos 𝜗 , 
where ?⃗? is the unit vector in the direction of wave vector ?⃗⃗?(𝜗, 𝜑), 𝜗 and 𝜑 are polar and azimuthal 
angles of radiation. The dielectric constant of the medium 𝜀(𝜔) has the following dependence on the 
frequency 𝜔 which is much higher than the plasma frequency of medium 𝜔p: 
 𝜀(𝜔) = 1 −
𝜔p
2
𝜔2
 . (5) 
When the bunch positrons oscillates in nanotubes and the oscillation number 𝑛 is the large value: 
 𝑛 =
𝐿
𝑙ch
=
𝐿
𝑙0√𝛾
=
𝑛0
√𝛾
≫ 1 ,        𝑛0 =
𝐿
𝑙0
 ,       𝑙0 =
2𝜋𝑅
√2𝜈
 , (6) 
then the radiation field is different from zero for small values of the argument of the exponential 
function in the integrand expression (4). 
We use the following expansions in the argument of the exponential function in (4): 
 𝛽𝑧 = 1 −
𝑄(𝑠)
2𝛾2
 ,        𝑄(𝑠) = 1 + 𝜇𝑠2 ,        𝜇 = 𝜈𝛾 , (7) 
 √𝜀 = 1 −
𝜔p
2
2𝜔2
 ,        cos 𝜗 = 1 −
𝜗2
2
 .      
In the expression front of the exponent with high accuracy we can use the following values 𝛽𝑧 ≈ 1, 
√𝜀 ≈ 1, cos 𝜗 ≈ 1 and sin 𝜗 ≈ 𝜗.  
Then after integration we obtain 
 ?⃗?𝑠,𝜓(𝜔, 𝜗, 𝜑) =
𝑖
2
𝑠𝑙0√
2𝜈
𝛾
([е⃗𝜓 × е⃗𝑧] −
𝜔
𝛺ch
𝜗2 cos(𝜑 − 𝜓)[е⃗𝜑 × е⃗𝑧])
sin(𝑛0𝑌)
𝑌
 (8) 
 𝑌 =
𝜋
2
𝜔
𝛺0
(𝜗2 +
𝑄(𝑠)
𝛾2
+
𝜔p
2
𝜔2
−
2𝛺0
𝜔√𝛾
) .  
4.  The spectral distribution of emitted photons                    
For the frequency-angular distribution of the number of emitted photons we have 
 
𝑑𝑁ph(𝑠,𝜓)
𝑑𝑥𝑑𝑢2𝑑𝜑
= 𝛼𝜈𝑥
𝑠2
4
[1 − 2𝑥𝑢2 cos2(𝜑 − 𝜓) + 𝑥2𝑢4 cos2(𝜑 − 𝜓)]
sin2(𝑛0𝑌)
𝑌2
 , (9) 
 𝑌 =
𝜋𝑥
2√𝛾
[𝑢2 − 𝜑𝑠(𝑥)] ,        𝜑𝑠(𝑥) =
2
𝑥
− 𝑄(𝑠) −
𝑟
𝑥2
 ,        𝑟 =
𝛾0
𝛾
 ,        𝛾0 = (
𝑙0
𝜆p
)
2
 ,  
where 𝛼 = 𝑒2 ℏ𝑐⁄  is a fine structure constant, 𝑥 = 𝜔 (Ω0𝛾
3 2⁄ )⁄  is the dimensionless frequency, 𝑢 =
𝜗𝛾  is the radiation angle in units 1 𝛾⁄ , 𝜆p is the plasma wavelength. 
Accurate to the small order 1 𝑛0⁄  (𝑛0 ≫ 1), we can use the following known limit: 
 lim
𝑛0→∞
sin2(𝑛0𝑌)
𝑌2
= 𝜋𝑛0𝛿(𝑢
2 − 𝜑𝑠(𝑥)) . (10) 
After substituting (10) into (9) and integrating over the azimuthally angle 𝜑 from zero to 2𝜋 we 
obtain the following expression: 
 
𝑑𝑁ph(𝑠)
𝑑𝑥𝑑𝑢2
= 𝐾[1 + (1 − 𝑥𝑢2)2]𝛿(𝑢2 − 𝜑𝑠(𝑥)) ,        𝐾 =
𝜋𝛼𝑛0𝜈√𝛾
2
 , (11) 
  
 
 
 
 
which is independent of  coordinate ψ due to cylindrical symmetry of the problem. The frequency 
distribution of the number of emitted photons is represented by the following expression: 
 
𝑑𝑁ph(𝑠)
𝑑𝑥
= 𝐾 [1 + (1 − 𝑥𝜑𝑠
2(𝑥))
2
] = 𝐾𝑠2[𝑓0(𝑥) + 2𝜇𝑓1(𝑥)𝑠
2 + 𝜇2𝑥2𝑠4] (12) 
 𝑓0(𝑥) = 1 + (1 − 𝑥 −
𝑟
𝑥
)
2
 ,        𝑓1(𝑥) = 𝑥
2 − 𝑥 − 𝑟 .  
The radiation of the channeled positron with an initial coordinate 𝑠 occurs in the frequency range: 
 
1−√1−(1+𝜇𝑠2)𝑟)
1+𝜇𝑠2
≤ 𝑥 ≤
1+√1−(1+𝜇𝑠2)𝑟)
1+𝜇𝑠2
 . (13) 
5.  Energy threshold depending on the oscilation amplitude  
The frequency range depends on the bunch energy. There is an energy threshold for the formation of 
radiation: 𝛾th(𝑠) = (1 + 𝜇𝑠
2)𝛾0 = 𝑄(𝑠)𝛾0 depending on the oscillation amplitude 𝑠. The expression 
(13) implies that the radiation is produced when the bunch energy of positrons is larger than the 
energy threshold value (𝛾 ≥ 𝛾th(𝑠)), and for the formation of the radiation it is necessary that the 
bunch energy is larger than the value 𝛾0. This threshold is due to the medium polarization. When 𝛾 =
𝛾0 the radiation doesn’t formed because positrons with amplitude 𝑠 = 0 don't radiate. There is an 
amplitude threshold. And finally for 𝛾th(𝑠) we have: 
 𝛾th(𝑠) = 𝛾0(1 − 𝜇0𝑠
2)−1,        𝜇0 = 𝜈𝛾0 , (14) 
 𝛾0 = 𝛾th(0) < 𝛾th(𝑠) ≤ 𝛾th(1) = 𝛾1 = 𝛾0(1 − 𝜇0)
−1 .  
The larger the amplitude of positron oscillation in the channel, the greater the threshold energy. 
The frequency range expands with increasing of 𝛾. When the bunch energy is greater than the energy 
value 𝛾1, then all positrons of the bunch contribute to the radiation. 
а) In the energy range 𝛾 ∈ (𝛾0, 𝛾1) contribute not all positrons of bunch to the radiation. The 
positrons with the oscillation amplitude less than 𝑠, emit at frequencies 𝑥∓ which are defined by the 
equation: 
 𝑥∓ =
1∓√1−(1+𝜇𝑠2)𝑟
1+𝜇𝑠2
 . (15)         
This behavior is a consequence of the fact that the oscillator in a dispersive medium at a given 
angle radiates both hard and soft photons. Irrespective of the sign of the root in (15), the amplitude 𝑠 
depends on the frequency 𝑥 as follows: 
 𝑠(𝑥) = √
𝜑0(𝑥)
𝜇
 ,        𝜑0(𝑥) =
2
𝑥
− 1 −
𝑟
𝑥2
 . (16) 
The function 𝑠(𝑥) takes maximum value √1 𝜇0 − 1 𝜇⁄⁄  at the frequency 𝑥 = 𝑟. When 𝛾 = 𝛾1 we 
have  𝜇 = 𝜇1 = 𝜇0 (1 − 𝜇0⁄ )  (𝑠 = 1).  When the parameter 𝜇0 ≪ 1, which is typical for nanotube, the 
emission spectrum is formed in the frequency range (accurate to small order 𝜇0): 
 1 − √𝜇0 < 𝑥 < 1 + √𝜇0 . (17)                                                                                                                                                             
The all positrons of bunch with energy 𝛾1 radiate in this frequency range. As follows from (17), the 
frequency spectrum has a width √𝜇0 up to a small order 𝜇0. Тhe width of angular spectrum is √𝜇0/𝛾0. 
b) The bunch energy is in the range (𝛾1; 𝛾𝑐], where 𝛾𝑐 = √𝛾0/2𝜈. In this case the range of emitted 
frequencies is divided into three intervals: [𝑥−(0); 𝑥−(1)],  [𝑥−(1); 𝑥+(1)] and [𝑥+(1); 𝑥+(0)], where 
the boundary frequencies are: 
  
 
 
 
 
 𝑥∓(0) = 1 ∓ √1 −
𝛾0
𝛾
  ,        𝑥∓(1) =
1
1+𝜇
(1 ∓ √1 −
𝛾1
𝛾
) . (18) 
The boundary frequencies 𝑥∓(1) of the second interval, coinciding when 𝛾 ≤ 𝛾1, differ from each 
other with increasing 𝛾. The width of this interval achieves the maximal value 2 − √2𝜇0 when 𝛾 = 𝛾𝑐. 
It should be noted that the boundary frequency 𝑥−(1) is gradually reduced with increasing 𝛾           
(𝛾 ≤ 𝛾𝑐/√2) and the frequency 𝑥+(1) increases. The width of the third interval [𝑥+(1); 𝑥+(0)] is 
increased by law 2𝜇 (1 + 𝜇)⁄ . 
6.  The frequency spectrum of the bunch radiation of the channeled positrons 
Integrating the expression (12) for the parameter 𝑠 in the range from 0 to 𝑠(𝑥), we obtain the spectral 
distribution of the total number of photons emitted by all channeled positrons in nanotube: 
 
𝑑𝑁tot
𝑑𝑥
= 𝐾𝐹(𝑥) ,        𝐾 =
𝜋𝛼𝜈𝑛0√𝛾𝑁b
2
 , (19) 
 𝐹(𝑥) = 𝑓0(𝑥)
𝑠3(𝑥)
3
+ 2𝜇𝑓1(𝑥)
𝑠5(𝑥)
5
+ 𝜇2𝑥2
𝑠7(𝑥)
7
 ,  
 𝑠(𝑥) = {
√
1
𝜇
(
2
𝑥
− 1 −
𝑟
𝑥2
) ,    𝑓𝑜𝑟    𝑥 ∈ [𝑥−(0); 𝑥−(1)] ∪ [𝑥+(1); 𝑥+(0)]   
 1 ,    𝑓𝑜𝑟           𝑥 ∈ [𝑥−(1); 𝑥+(1)]  .
  
We investigate the spectral distribution of radiation of channeled positrons with the bunch energy 
𝐸 ∈ [𝐸0, 𝐸1]. For the frequency distribution of emitted photons, taking into account that 𝜇 = 𝜈𝛾 ≪ 1 
and 𝑓0(𝑥) ≃ 2, we have following expression: 
 𝐹(𝑥) =
2
3
[
1
𝜇
(
2
𝑥
− 1 −
𝑟
𝑥2
)]3 2⁄ ,        𝑟 =
𝛾0
𝛾
 , (20) 
 1 − √1 − 𝑟 ≤ 𝑥 ≤ 1 + √1 − 𝑟 .  
The maximum of spectrum takes place at the frequency 𝑥 = 𝑟. We note that in this case the 
frequency boundaries 𝑥− and 𝑥+ coincide. The radiation generated around at the frequency 𝑥 = 1. The 
spectrum expands and its intensity increases when the value of parameter 𝛾 is approaching to 𝛾1. 
We obtain the total spectrum of emitted photons at all frequencies. With an increase of the bunch  
energy the radiation spectrum is expanding. 
We shall find the threshold value of the bunch energy for nanotube having the radius 𝑅 = 7 Å, 
natural spatial period 𝑙0 = 3.93 ∙ 10
−5cm and the potential well depth 𝑈0 = 32 eV (𝜈 = 6.26 ∙ 10
−5). 
If the polarization of nanotube medium is characterized by the plasma wavelength 𝜆p = 4 ∙ 10
−6 cm 
or ℏ𝜔p = 31 eV, then for the energy thresholds we have: 𝐸0 = 49.3 MeV, 𝐸1 = 49.63 MeV or 𝛾0 ≈
96.48, 𝛾1 ≈ 97.    
In the Figure 1 shows the frequency distributions of radiation for two values of the bunch energy. 
The maximums of spectra correspond to the frequencies 𝑟𝑏 = 0.996 and 𝑟𝑎 = 0.9946 and are equal 
to 𝐹(𝑟𝑏) = 0.36 and 𝐹(𝑟𝑎) = 0.76. Using the positron bunch with the energy 𝐸 = 𝐸𝑎 = 49.63 MeV in 
the system of nanotubes with length 𝐿 = 1 cm generated the monochromatic circularly polarized 
photon beam with energy 3 KeV and the line width 0.08. As a result for the number of radiated 
photons we have 𝑁ph ≈ 0.06𝑁b, where 𝑁b is the positron number.                   
  
 
 
 
 
 
Figure 1. a) 𝐸 = 𝐸𝑎 = 49.63 MeV (0.92 ≤ 𝑥 ≤ 1.08)    
                b)  𝐸 = 𝐸𝑏 = 49.5 MeV  (0.936 ≤ 𝑥 ≤ 1.063) 
7.  CONCLUSION 
The problem about the channeling radiation of the positron bunch in nanotube is solved in the dipole 
approximation. The dipole approximation legitimately is applied for the large values of the oscillation 
parameter also, if the emission occurs at very small angles. 
The main contribution into the radiation makes the first harmonic of radiation which is formed at a 
zero angle too that it is important from the practical point of view. The soft photons are emitted at a 
zero angle also because of the medium polarization. The numbers of soft and hard photons are of the 
same order of magnitude. There are two energy thresholds, namely, the lower threshold of the medium 
polarization and the upper threshold for positrons oscillating in the channel with the maximum 
amplitude: the higher the initial radial coordinate of a positron, the greater the threshold energy. If the 
bunch energy is equal to the maximum value of the threshold energy, then the all channeled positrons 
contribute to the radiation in nanotube. 
Hence, the monochromatic beam of high energy photons with circular polarization is formed in 
nanotube due to the cylindrical symmetry. The radiation beam of soft X-ray photons has important 
practical significance. 
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